We prove functorial representation theorems for MV algebras, and for varieties ⌬ obtained from MV algebras by the adding of additional operators corresponding ⌬ w x to natural operations in the real interval 0, 1 , namely PMV algebras, obtained by ⌬ the adding of product, and Ł ⌸ algebras, obtained by the adding of product and of its residuum. Our first result is that the category of MV algebras is equivalent to ⌬ that of lattice ordered abelian groups with strong unit and with some kind of characteristic function. Our second result is that the category of PMV algebras is ⌬ equivalent to a category of commutative f-rings with strong unit, again with a Ž . suitable characteristic function, whose members modulo a forgetful functor are isomorphic to subdirect products of linearly ordered domains of integrity. Our Ž . third result in our opinion, the most interesting is that the category of Ł ⌸ algebras is equivalent to a category whose members are regular commutative f-rings with unit, equipped with an ideal with suitable properties. ᮊ 2001 Academic Press
INTRODUCTION

Ž
The three most important fuzzy logics Łukasiewicz logic, Godel logic, . and product logic arise from the three basic t-norms on the real interval w x Ž 0, 1 and from the corresponding residua Łukasiewicz implication, Godel . implication, and product implication , which will be reviewed in Section 2. Łukasiewicz logic is probably the most important of these logics. However, we believe that the study of the relationships between the above-mentioned connectives contributes to a better understanding of fuzzy logic.
Ž w x . This line of research has been pursued by many authors cf. H98, TT92 . w x w x w x In EG98 , Mo98 , and EGM98 , the authors introduce a formal system, called Ł ⌸, and the corresponding variety, called the¨ariety of Ł ⌸ algebras in which Łukasiewicz logic, Godel logic, and product logic are faithfullÿ w x w x interpretable. In Mo98 and EGM98 the authors investigate an extension 1 of Ł ⌸ obtained by the adding of a constant for one half, thus obtaining 2 1 a logic Ł ⌸ in which rational Pavelka logic and rational product logic are 2 1 also interpretable. Thus Ł ⌸ seems to be the strongest natural fuzzy logic.
2
A very general project of research would be the investigation of all systems lying in the interval whose extrema are Hajek basic logic BL, thé logic of all continuous t-norms and their residua, hence the weakest 1 natural fuzzy logic, and Ł ⌸ , the strongest natural system of propositional 2 Ž fuzzy logic. As a starting point, we plan to deal with the easiest but still far . from trivial part of the project, namely the investigation of the most important fuzzy logics in the final segment of the above interval, whose 1 Ž w x. extrema are Łukasiewicz logic plus Baaz operator ⌬ cf. Ba96 and Ł ⌸ . The operator ⌬ results from a combination of Łukasiewicz negation and Ž Product negation an implication ª induces a negation ! letting ! x s . w x Ž . Ž . x ª 0 . In the real interval 0, 1 , ⌬ x is defined by ⌬ x s 1 if x s 1, and Ž . ⌬ x s 0 otherwise. We believe that such logics are easier than the other ones because classical logic can be interpreted in any such logic. This increases the expressive power of the logic considerably. A relevant examw x ple, considered in Mo98 , is constituted by Łukasiewicz logic with product, but without product implication. At the moment, no axiomatization is known for this logic. In fact, axiomatizing this logic amounts to axiomatizing the subvariety of the variety of commutative f-rings with unit generated w x by linearly ordered integral domains, and it follows from K95 that such a logic is not finitely axiomatizable. The problem with this logic is that we cannot express by means of equations the fact that there are no zero divisors. In the presence of ⌬, it is possible to overcome this difficulty, as w xŽ . shown, e.g., in EGM98 cf. also Section 2 of the present paper .
Since Godel Logic is already interpretable in Łukasiewicz logic plus ⌬, 1 there are four relevant logics between Łukasiewicz logic plus ⌬ and Ł ⌸ : 2 Łukasiewicz logic plus ⌬; Łukasiewicz logic plus ⌬ plus product conjunc-Ž . tion but without product implication ; Ł ⌸, i.e., Łukasiewicz logic plus Ž product logic in which both ⌬ and the connectives of Godel logic arë 1 . definable ; and Ł ⌸ . In this paper, we give functorial representation theorems for the varieties corresponding to these logics. In algebraic logic, a representation theorem is usually a theorem that establishes an equivalence between a category of algebras arising from logic, and another category, possibly arising from other fields of mathematics. For example, Stone's Theorem shows an equivalence between Boolean algebras, which arise from classical logic, and Stone spaces, which have a topological interest. Mundici's w x Theorem Mu86 establishes an equivalence between the category of MV algebras, the algebras corresponding to Łukasiewicz logic, and the category of lattice-ordered abelian groups with strong unit, a category which is relevant in many fields of mathematics. 1 w x In Mo98 , an analogous result was given for Ł ⌸ algebras, i.e., the 2 1 algebras corresponding to the logic Ł ⌸ . There, it is shown that the 2 1 category of Ł ⌸ algebras is equivalent to that of the so-called f-semifields, 2 namely, regular commutative f-rings with unit and with an explicit seminverse operation. Somewhat surprisingly, these structures constitute a variety, whose elements are isomorphic to subdirect products of linearly ordered fields.
In the present paper we prove similar representation theorems for the MV algebras, for the PMV algebras, and for the Ł ⌸ algebras. The ⌬ ⌬ category corresponding to MV algebras is the category of the so-called ⌬ ␦-l-groups with strong unit, i.e., of lattice-ordered abelian groups with strong unit and with an additional unary operator ␦ which plays the role of ⌬. This result is certainly not surprising and, as observed by the referee, w x w x can be easily derived from Mu86 and from To89 .
A similar result holds for PMV algebras and the so-called ␦-f-rings with ⌬ strong unit, i.e., commutative f-rings with strong unit with an additional unary operator ␦ , which once again plays the role of ⌬.
The third result concerns a representation theorem for Ł ⌸ algebras. This result is conceptually more difficult and, in our opinion, more surprising. Indeed, even though Ł ⌸ algebras can be thought of as sub-1 Ž . structures of Ł ⌸ algebras modulo a forgetful functor , they can be also 2 1 obtained from Ł ⌸ algebras by a more complicated construction, involv-2 ing ideals. This construction leads to our final result that the category of Ł ⌸ algebras is equivalent to that of f-semifields equipped by an ideal with suitable properties. Thus, even though Ł ⌸ algebras are easier to describe 1 than Ł ⌸ algebras, the corresponding algebraic category is more compli-2 1 cated than the one corresponding to Ł ⌸ algebras. 2. PRELIMINARIES w x Almost all the results of this section are proved in Mo98 . However, for some of them we sketch a simpler proof, based on the theory of discrimiw x nator varieties BS81 . w x We consider the real interval 0, 1 equipped with the operations [, !, Ä 4 и, and r, where x [ y s min x q y, 0 ; ! x s 1 y x; и is ordinary product, and r is defined by
¢ y w x ²w x In H98 , the algebras of the variety generated by I I s 0, 1 , [ 0 : , !, ⌬, 0, 1 are called MV algebras. There, the author proves that such ⌬ variety is axiomatized by Ž .
Ž w x . i The axioms of MV algebras cf. COM95 . ii Identities of commutati¨e monoids for и and 1. Ž well the only difference is that we do not have to check compatibility with . product implication ª . Note that the congruence corresponding to 
Ž . We continue our comments about Proposition 2.4. The topology T T A A Ž . on M A A occurring in the Boolean representation of
Ž . lows that T T A A is the topology generated by T A A . We want to connect Ž . T T A A with the topology of the dual space of the algebra of idempotents of A A.
Ž . An element a of an MV algebra A A possibly with additional operations is said to be idempotent iff a [ a s a. Using Boolean representations, we 1 Ž obtain that the idempotent elements of an MV PMV , Ł ⌸, Ł ⌸ , respec-
. tively algebra A A are precisely those elements a such that for every
, a g 0 , 1 . These elements can be also characterized as
Ž . the members of range ⌬ , as the members of range ٌ , or as the elements a such that a ᭪ a s a.
The idempotent elements of A A constitute a Boolean algebra COM95 . In the sequel, such algebra is denoted by B B . The set of maximal ideals of instead of A A , and a , respectively, where ⌿ is defined as in
. tively algebra such that B B s B B , then we regard the elements of both A A 
Ž . Ž . iii The topology T T A A occurring in the Boolean representation of A A is homeomorphic to the topology of the dual space B B
ଙ of B B . 
Ž w x. Ł ⌸ algebras have another important property cf. Mo98 . To intro-2 duce it, we recall the following definition. DEFINITION 2.10. An f-semifield is a structure which is isomorphic to a subdirect product of a family of linearly ordered fields equipped with an additional operation y1 defined as follows: if x / 0, then x y1 is the multiplicative inverse of x; otherwise, x y1 s 0. w x In Mo98 it is shown that f-semifields constitute a variety. Moreover, the following is proved:
Ž . PROPOSITION 2.11. i Let F F be a f-semifield, and let A A F F be the w x structure whose domain is the inter¨al 0, 1 of F F, and whose operations are Ž . defined by x [ y s x q y n 1; ! x s 1 y x; и is the restriction of product
Ž . ii For e¨ery Ł⌸ algebra there is a unique up to isomorphism
iii 
.
REPRESENTATION THEOREMS FOR MV AND FOR
⌬
PMV ALGEBRAS
We start from the following definitions. w x DEFINITION 3.1 BKW77 . A lattice-ordered abelian group is a system ² : G G s G, q, y, k , n , 0 satisfying the following conditions:
G, q, y, 0, is an abelian group.
Ž .
iii If F denotes the partial order on G induced by k and n, then, for all a, b,
Notation 5. In the sequel, if G G is a lattice-ordered abelian group Ž . possibly with additional operations , if x g G G and n g N we define Ž . nx s 0 if n s 0; nx s x q иии qx if n ) 0. We define further: yn x ŝ`_ n times Ž . y nx . In this way we have defined zx for all z g Z and for all x g G G. We q y Ž . < < Ž . also write x for x k 0, x for yx k 0, and x for x k yx . DEFINITION 3.2. A lattice-ordered group with strong unit is a system ² : ² : G G s G, q, y, k , n , 0, u such that G, q, y, k , n , 0 is a latticeordered abelian group, and for all a g G G there is a positive natural number n such that a F nu. Ž . Notation 6. If G G is a nontrivial lattice-ordered abelian group with Ž strong unit, u, there is a unique embedding of Z thought of as a . Ž . lattice-ordered abelian group into G G such that 1 s u. In the sequel for Ž . every z g Z we identify z with z.
To give a functorial representation theorem for MV algebras, we need ⌬ the following variant of the concept of lattice-ordered abelian group. Ž . DEFINITION 3.3. A ␦ lattice-ordered abelian group for short: a ␦-l-group ² : ² : is a structure G G s G, q, y, k , n , ␦, 0, 1 where G, q, y, k , n , 0 is a lattice-ordered abelian group, 1 g G, and ␦ is a unary function on G such that the following equations hold: say that a ␦-l-group G G s G, q, y, k , n , ␦ , 0, 1 is a ␦-l-group with strong unit if 1 is a strong unit of the underlying lattice-ordered abelian group.
Ž . Axioms a , b , c , d , e , and f of ␦-l-groups imply that the range of w x w x ␦ is included in 0, 1 , and its restriction to 0, 1 satisfies the axioms of
Ž . Moreover, axiom g ensures that ␦ is uniquely determined by its restricw x Ž tion to 0, 1 . Note that there are nontrivial ␦-l-groups where 0 s 1 in . which case ␦ is constantly equal to 0 . This possibility is excluded in nontrivial ␦-l-groups with strong unit: the strong unit of a nontrivial Ž . ␦-l-group must be nonzero, and axiom a guarantees that ␦ cannot be constantly equal to 0. Another easy property of ␦-l-groups is the following: LEMMA 3.4. In e¨ery linearly ordered ␦-l-group, ␦ is the characteristic Ž . function of the complement of the inter¨al y1, 1 .
Let ⌫ denote Mundici's functor Mu86 , and let ⌫ be a functor from MV algebras into lattice-ordered abelian groups with strong unit which Ž w x. inverts ⌫ cf. Mu86 . 
⌬
The following conditions hold:
is a homomorphism of MV algebras which is compatible with
Ž . the operator ⌬ defined as in a . tively. Finally, identity g implies that ␦ is uniquely determined by its w x restriction to 0, 1 . Thus an operation ␦ on G GЈ makes it a ␦-l-group with w x Ž . strong unit iff its restriction ⌬ to 0, 1 makes ⌫ G GЈ a MV algebra, and
This proves a , b , c , and d .
Ž . Ž . We prove e . That ⌫ h is a homomorphism of MV algebras follows w x w x from Mu86 . Since h commutes with ␦ , its restriction to 0, 1 commutes w x with the restriction of ␦ to 0, 1 , i.e., with ⌬.
Ž . y1 Ž . We prove f . That ⌫ k is a homomorphism of lattice-ordered abelian w x groups with strong unit follows from Mu86 . Moreover, since k coincides y1 Ž . y1 Ž . with ⌫ k on A AЈ, and ␦ coincides with ⌬ in A AЈ, for all x g ⌫ A AЈ , one has y1 y1
DEFINITION 3.6. We define a functor ⌫ from the category of ␦-l-groups ⌬ with strong unit into the category of MV algebras as follows:
For every ␦-l-group G G with strong unit, ⌫ G G is defined as follows:
⌬ let G GЈ denote the underlying lattice-ordered abelian group with strong Ž . Ž . Ž . unit. Then ⌫ G G is ⌫ G GЈ equipped with the restriction of ␦ to ⌫ G GЈ . ⌬ ⅷ For every homomorphism h from a ␦-l-group G G with strong unit Ž . Ž . Ž into a ␦-l-group H H, again with strong unit, we define ⌫ h s ⌫ h by ⌬ Ž . Ž . Lemma 3.5, e , ⌫ h commutes with ⌬; therefore it is a homomorphism of . MV algebras .
⌬
We further define a functor ⌫ y1 from the category of MV algebras to ⌬ ⌬ ␦-l-groups with strong unit as follows:
ⅷ For every MV algebra A A, let A AЈ be the underlying MV algebra.
Ž . y1 Ž . Lemma 3.5 f , ⌫ k preserves ␦ ; therefore it is a morphism of ␦-l-groups . with strong unit .
Ž .
Ž . By Lemma 3.5 a and e , ⌫ is a functor from the category of 
are clopen, because 1 is a strong unit of G G, there is n g N such that g -n. Ä 4 Let I s yn, yn q 1, . . . , 0, 1, . . . , n y 1 . Let for i g I ,
To obtain an equivalence of categories for PMV algebras, we introduce ⌬ a variety whose algebras are similar to ␦-l-groups, but have in addition the structure of ring. We start from some preliminary definitions. w x DEFINITION 3.10 BKW77 . A lattice-ordered ring is a system R R s ² : ² : ² R, q, y, и , k , n , 0, such that R, q, y, и , 0, is a ring, R, q, y, k : , n , 0 is a lattice-ordered abelian group, and, for all a, b,
An f-ring is a lattice-ordered ring which is isomorphic to a subdirect product of a family of totally ordered rings. w x In BKW77, Theorem 9.1.2 it is shown that f-rings constitute an equational class. Such a class is axiomatized by the equations of lattice-ordered rings plus
: k, n , и , 0, 1 is a commutative f-ring with unit 1, and for all x, y in R R one has
A ␦-f-ring with strong unit is a ␦-f-ring whose underlying ␦-l-group is a ␦-l-group with strong unit.
LEMMA 3.12. E¨ery linearly ordered ␦-f-ring is a domain of integrity.
Proof. Let R R be a linearly ordered ␦-f-ring, and let x, y g R R. If Ž Ž < <.. Ž . x и y s 0, then ␦ 1 y 1 n x и y s 1. By the identity 3.11.1 in Definition
. ordered, either ␦ 1 y 1 n x s 1 or ␦ 1 y 1 n y s 1. By Lemma 3.4, it follows that either x s 0 or y s 0. DEFINITION 3.13. We define a functor P ⌫ from the category of ⌬ ␦-f-rings with strong unit into the category of PMV algebras as follows: ⌬ ⅷ For every ␦-f-ring R R with strong unit, let G G be the underlying Ž . Ž . ␦-l-group with strong unit. Then P ⌫ R R is ⌫ G G , equipped with the ⌬ ⌬ w x restriction of product to the interval 0, 1 .
ⅷ For every homomorphism h of ␦-f-rings with strong unit, we define Ž .
It is easy to check that P ⌫ is a functor as claimed in Definition 3.13. We ⌬ will prove that P ⌫ is an equivalence of categories. Ä 4 with z g Z and ␣ g A A y 1 , with lattice operations induced by the lexicographic order, where ␦ is the characteristic function of the comple-Ž . ment of the interval y1, 1 , and the sum q is defined bŷ
½ z q zЈ q 1, ␣᭪␣ Ј otherwise.
Ž . w . Ž . If we identify an integer z with z, 0 and an element ␣ g 0, 1 with 0, ␣ , Ž . w x Ž then z, ␣ s z q ␣. In Mo98 it is shown that modulo the abovê . identifications if we define
here и is the product in A A, then и is commutative, associative, and compatible with the order, and the distributive property holds. Moreover, Ž . 1 s 1, 0 is the multiplicative unit, and there are no zero divisors with y1 Ž . respect to и. Thus и makes ⌫ A AЈ a ␦-f-ring with strong unit.ˆ⌬ Now let C C be an arbitrary PMV algebra, let C C Ј be the underlying MV ⌬ ⌬ y1 Ž . algebra, and let G G s ⌫ C C Ј . Modulo isomorphism, we can assume 
3.14.2
where и is the product operation in C C, and q is the sum in G G. It is clear that the restriction of ଙ to C C coincides with и. We want to prove that ଙ makes G G a ␦-f-ring with strong unit.
Ž Ž .. ⅷ From the distributive law it follows that any operation which extends и Ž . and makes G G a ␦-f-ring with strong unit must satisfy Eq. 3.14.2 and therefore coincides with ଙ.
Ž
. y1 DEFINITION 3.15. We define P ⌫ on the category of PMV alge-⌬ ⌬ bras as follows:
the product ଙ defined according to Lemma 3.14.
h is a homomorphism of ␦-f-rings with strong
Ž . elements of A A, where b , c , z , y , ␣ , ␤ are as in Lemma 3.14. By 3.14.2 , Ž . a Replace f-semifields by more complicated structures, e.g., subdi-Ž rect products of ordered fields and of Boolean algebras thought of as . Boolean rings .
Ž .
b Leave the structure of f-semifield unchanged, but change the way of obtaining a Ł ⌸ algebra from an f-semifield.
As a matter of fact, we succeeded with attempt b . To explain the intuitive idea of our construction, we start from the example shown above. The Ł ⌸ algebra I I is obtained as follows: start from the f-semifield Q N , and J is an I ideal of A A. Ž . suffices to prove that if a n ! a g I, then h a n ! h a g J. But this is obvious, since h maps I into J. We are ready to state the main result of this section. Proof. The proof of Theorem 4.7 is given in three steps.
1
At
Step 1 we associate to every Ł ⌸ algebra A A a Q-Ł ⌸ algebra 2 qỹ ² : A A s A A , J , and we prove that A A is isomorphic to A A . We also prove that up to isomorphism A A is a subalgebra of A A q , and that A A q is generated by A A. :. y ² : C C, J is isomorphic to A A, then C C, J is isomorphic to the structurẽ A A constructed in Step 1.
Step 3 we prove that every homomorphism from a Ł ⌸ algebra A Ã into a Ł ⌸ algebra C C has a unique extension to a morphism from A Ã into C C.
We begin with Step 1. Let A A be any Ł ⌸ algebra. By Proposition 2.7, we Ž . can represent A A as a suitable set of functions which map every M g M B B A A into an element of A A , with operations defined componentwise. Ž .
